In this paper a model of a hypothetical flexible spacecraft that resembles French multi mission satellite SPOT is selected. This model represents a multivariable system that is difficult to control due to strong cross couplings. In order to get a good insight, initially analysis of the model is carried out from the perspective of control design challenge peculiar to this system. Later a systematic multivariable robust controller is designed based on  H Loop Shaping Design Procedure. The designed controller is able to stabilize the overall system but is unable to minimize oscillations in structure that cause fine pointing issues. To remove the problem of small amplitude oscillations for this design, input command shaping technique is applied that is able to effectively minimize oscillations. Finally, robustness and performance of the designed controller is demonstrated through numerical simulations.  Index Terms-Command shaping, flexibility, robust control, spacecraft, loop shaping design I.
INTRODUCTION
After the successful launch of Russian Sputnik I into the orbit, there has been an increasing demand to launch communication and space exploration satellites. Many countries have now developed the capability of putting satellites into orbit, resulting in great technological advancement in this field. The cost of putting a satellite into orbit is still very high. Satellites have to be designed to operate in harsh, dynamic and uncertain environment. Such operating conditions pose a challenge on control to provide reliable operation, meeting strict design requirements [1] .
When a communication satellite is in orbit, it has to stay on its trajectory and point in a fixed direction. This stringent requirement of pointing accuracy is required to maintain reliable communication. As an example of pointing accuracy, the Hubble Space Telescope contains a telescope capable of allowing the separation of stellar objects only 0.1 arc seconds apart [2] . Modern satellites are designed to be as light as possible to decrease payload for launching. This trend has resulted in satellite structures to be very flexible. The flexibility of the structure causes problem in precise pointing due to lightly damped vibration modes being excited. Control systems for flexible space structures must meet tight performance requirements while being robust to model uncertainties.
Conventional control methods have been used very effectively to control a wide variety of systems. These methods are time tested and are presently being used in most of the industries. In order to carry out analysis of multivariable systems that are coupled, conventional control methods are not so easily manageable. Extensive research has been focused on control of flexible multivariable systems. Attitude control of satellites has been tackled by the help of Self Organizing Fuzzy Logic Controllers (FLC), being a suitable candidate, as engineering experience is usually not available for a satellite system for matching performance through fixed fuzzy rules. Such type of controllers are thus more robust than the fixed rule controllers but the outcome is not always optimum [3] , [4] . An integrated feedback/feedforward control system is proposed by [5] , for reducing the vibration of flexible structures for large-angle attitude manoeuvre of the spacecraft. Lyapunov based control integrated with the Nil-Mode-Exciting profiler and an extended Input Shaping technique is utilized to effectively improve the transient vibration of the modal response. Vibration suppression is a desirable feature; active vibration suppression for a two-link flexible manipulator is proposed by [6] . This scheme is composed of an input shaper assisted by piezo actuator for active suppression of residual vibrations. This scheme is, however not suitable for a satellite system in which installation of piezo actuators is not practically viable.
Design method that is more systematic is always preferable, as by adopting such a method reliable result is achieved in the minimum possible time. In this paper, a systematic command shaped Loop Shaping design procedure is presented for the design of multivariable attitude controller. Compared with previous work, this design procedure is systematic and practically suitable for ensuring robustness and good pointing accuracy.
II. MODEL
A hypothetical flexible communication spacecraft has been selected for the analysis and design work [3] . The configuration of the spacecraft is as given in Figure 1 , direction of flight of the spacecraft is along the Xs axis (Roll axis) and it is assumed to be operating in fine pointing mode with the Yaw axis directed towards the centre of the Earth. A solar array is attached to the centre of the asymmetric body of the spacecraft by a boom that remains normal to the pitch axis and is rotated about this axis to maintain the optimum exposure to the sun. This solar array moves at a negative pitch axis to follow the sun. The movement of this solar array causes the spacecraft dynamics to change due to inertia coupling in the roll and yaw axis [7] , [8] . The spacecraft is assumed to be travelling on its prescribed trajectory (Sun synchronous near polar circular orbit, precessing at the same rate as Earth) [7] , [8] . Orbital correction will, therefore, not be considered in this paper.
Precise attitude control of the spacecraft is required to be maintained at all times. Precision in terms of fine pointing is essential for reliable communication, as any oscillation or deviation will result in communication failure. It is achieved by correcting the pitch and roll axis errors. Yaw correction is used to correct the heading orientation. The spacecraft is controlled by the help of three reactions wheels, mounted orthogonally in each axis. The reaction wheels rotate on magnetic bearing to minimise friction and have a linear torque-speed characteristic, which saturates at 0.2 Nm [8] .
Three rate-integrating gyroscopes, one on each axis are used to provide the attitude measurement. There is an infrared earth sensor (IRES) on each of the roll and pitch axis, the readings of which are continuously processed with the gyroscope readings. Also there is a sun sensor on the yaw axis that may be used only twice per orbit, due to the orbital configuration assumed [7] . The flexible spacecraft model has a number of modes associated with it. Four modes with the lowest vibrational frequency have been considered, as these modes contribute towards the major structural interaction. For small attitude angle and rate case, the spacecraft dynamics may be represented by following differential equations [3] , [7] :
where 'n' is the number of modes. Equation (1) gives the roll, pitch and yaw axis equations that are coupled by the influence of the bending modes and asymmetry of the spacecraft [7] .
Equations (1) & (2) may be expressed in state space form by using partitioned matrix equation as [6] :
Making use of the relationship:
ω is the orbital angular velocity), equation (3) becomes [7] ,
A. Model Uncertainty
For a multivariable case each element of the Transfer Function matrix has an uncertainty associated with it. These uncertainty regions have complex shapes at each frequency that require complex mathematics to describe them. This property of the multivariable system automatically introduces structure in the uncertainty representation. We can however, approximate these complex shapes as discs, to give us an additive unstructured uncertainty description involving matrices [9] , [10] as, (7) As a conservative step, we can use the maximum value of gain
as a single bound on the uncertainty. The spacecraft model was analyzed to get a single bound of additive uncertainty. To find out the change in the system dynamics due to the solar array rotation, singular value plots were analyzed for the difference of nominal model from the model obtained after rotating the solar array. Singular value plot (function of frequency) gives us the maximum and minimum possible value of gain for any input (direction). Figure 2 shows the singular value plot for the rotation of the solar array in 15 degree steps and also for the maximum value of all the step increments (0~90 degrees).
The solar array is capable of rotating complete 360 degrees, but the situation is same from 90 degrees to 180 degrees. For rotation angles 180 ~ 360 degrees we get similar phenomena as rotation from 0 to 180 degrees due to symmetry. It was observed that worst-case situation occurs for solar array rotation angle of 90 degrees. This analysis was helpful in carrying out the worst-case simulations of the spacecraft. procedure, which is relatively transparent, easy to understand and very effective, [9] , [11] , [12] .
A. Systematic Procedure for LSDP
Following is recommended for a systematic  H loop shaping design [9] , 13], 1) Scale the plant inputs and outputs to improve the conditioning of the design problem. , check the maximum stability margin, if the margin is too small then go back to step 3. 6) If the specifications are not met, further modify the weights. 7) Implement the controller as shown in Figure 4 . This configuration is selected so that the references do not excite the dynamics of Ks, which can result in large amount of overshoot (derivative kick). The advantage of this method is that it is relatively easy to use and is based on classical loop shaping ideas. It also requires no gamma iterations like typical  H optimal design procedure and the procedure is systematic to follow.
B. Flexible Spacecraft Attitude Controller Design
The main objective kept in mind for this design was to get good performance along with satisfactory robustness. Simulink based simulation model ( Figure 5 ) was used to carry out the simulation of the designed controller on the flexible spacecraft structure. The singular value plot of the shaped plant shows the effect of using a complex pole and a complex zero. In this design, complex pole and zero were selected to get more degree of freedom in shaping the original singular value at the region of interest. It can be seen from the plot that the use of the complex pole makes the singular values plot to dip down. This region was selected because the modal peaks are present in this area and our objective is to avoid the modal peaks at the crossover point. It is similar to adding damping at this point so that the modes are damped out. A complex zero is used at a higher frequency end to cancel the effect of the complex pole. The nature of the problem poses serious problems in flexibility of designs. It can be seen that the natural frequency point of the modes are very close to the cross over point. If we try to decrease the magnitude too much we run into trouble as the slope at crossover becomes greater than -20 dB/decade, thus causing instability. The shaped plant has, as we desired high gain at low frequencies, low gain at high frequencies with a suitable transition between the two. The next step of using the optimisation algorithm to return the final controller was then carried out, to get a robustly stabilising controller. The problem with this procedure is that the controller order is very high [14] .
C. Model Reduction
In order to reduce the order of the controller, curve fitting technique was used by the help of Matlab code. The Matlab code finds and stores the frequency response at various frequencies or frequencies of interest. It then does the fitting of the stored data by using the pre-defined numerator and denominator order, giving relative importance to frequencies and carrying out a number of iterations as defined. If the fitting is not good, the order of the numerator and denominator has to be changed or frequency points redefined. The original controller transfer function matrix returned was a 3x3 matrix. After model reduction, each of the nine transfer functions were reduced to fifth order, which meet the practical memory and computation requirements. Singular value plot (Fig. 7) of the original and the reduced order controller shows precision of the fit, 
D. Simulation Results/Analysis
Following are the plots obtained after carrying out the simulation of the flexible spacecraft (nominal model) with reduced order and original robustly stabilising controller, Figure 8 . Attitude Response Attitude responses show that the performance is good and there is very slight difference in results between the reduced order and the full order controller. The results indicate a reasonable selection of weights for shaping the plant. The torque applied for the control action is reasonable. Initially the Roll and Yaw channel reaction wheels show saturation. This is to quickly remove the effect of the disturbance that has been introduced. The disturbance applied is step, therefore, the controller also responds in a similar fashion. Plot of the modal amplitudes for the reduced order and original controller again indicates that appropriate model reduction has been carried out. In order to suppress the vibration modes, care is required to shape the plant so that the modal peaks (see Figure 6) do not cross the zero dB line. It is, however seen that small amplitude vibrations remain for a long time with little damping. The amplitudes of the vibrations are quite less but better performance may be achieved by getting rid of these minor vibrations.
The singular value plots (Figure 11 ) of Sensitivity and Complementary Sensitivity function indicate good disturbance and noise rejection properties. The singular value of closed loop transfer function shows good reference tracking. Simulations were carried out after introducing disturbance and also after changing the input directions. It was observed that the design is tolerant to disturbance as was predicted by the closed loop relations, for any input direction.
To further analyze the design, robust stability for additive uncertainty [9] was observed. The plot ( Figure  12 ) indicates that the controller is not stable for all frequency values. This does not mean that the design will not work for maximum perturbed plant. The reason for this is that we have been conservative in defining the bound for uncertainty. By being conservative we have catered for some non-existent plants as well. To check the validity of this statement, simulations were carried out after changing the parameters. Figure 12 was verified through extensive simulations. Worst-case condition was determined after which this design remains no good. This condition was reached for solar array rotation of 90 degrees and 55 % reduction in the modal frequency.
IV. INPUT COMMAND SHAPING
Input command shaping method has been selected to take care of the small amplitude modal oscillations that remained after the LSDP design. Input command shaping technique is different from closed loop feedback technique that relies on the system's states to reduce vibrations. This method may be applied to both open loop and closed loop systems with a requisite degree of robustness. There is however, a short move time penalty of the order of one period of the first mode of vibration. By using input command shaping method, the input to the system is shaped in such a way that residual vibrations are minimised or eliminated [15] - [19] .
The technique proposed by [15] is based on linear system theory that makes use of impulses of certain amplitude, applied at suitable time intervals to cancel the vibration. The concept of using two impulses to cancel the effect of vibrations induced, for a single mode is given in Figure 13 [15] . When the first impulse is applied the system mode is excited for vibration. On application of the second impulse with a suitable relative amplitude and phase with respect to the first, the vibration imparted by the first impulse is completely removed. If this impulse input sequence is convolved with any arbitrary input, the resultant output also has the same vibration suppression properties. The process can be generalised for more than one vibration mode by convolving the impulse trains designed for each mode. The sequence of impulses act like an input shaper that may be used to shape any input entering the system. The two-impulse input is based on exact knowledge of system's natural frequency and damping ratio. To make the technique more robust, a three-impulse input method was devised as shown in Fig. (14) [15] .
The impulse input parameters are given by, Figure 14 .Three impulse input [15] A. Design of Input Shaper for Flexible Spacecraft Using equations (21) and (22) the impulse input parameters (for three impulse input method) were calculated for all four modes. The impulse amplitudes and the corresponding timings were convolved to obtain a final sequence of impulses. The input to be shaped was convolved with the final convolved sequence of impulses. The simulation diagram was modified to use the shaped input as given in Figure 15 .
To check the efficacy of the design, previously designed reduced order controller that was based on LSDP for good performance was used. The attitude angle plots indicate that the performance with the shaped input has become slightly poor, but this was expected due to the design procedure adopted.
The torques applied ( Fig. 17 ) also show that a sudden torque is not applied, that avoids vibrations. This delayed and smooth application of torque results in mitigation of vibrations. A slight saturation of the reaction wheel in the Yaw channel is observed but overall profile of the torque is smooth.
The modal amplitude plots (Fig. 18) show a well behaved response. The high frequency oscillations are almost non-existent now. The design technique has very effectively dealt with the vibrations. Overall the design improvement has resulted in prompt fine pointing accuracy that overweighs a little degradation in performance. Extensive simulations were carried out after varying the spacecraft model parameters. It was observed that the design displays good robustness properties. 
